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Following the experimental observation that in semiconductor nanocrystals a single high-energy photon can
generate multiple electron-hole pairs, several mechanisms have been proposed to explain such process of
carrier multiplication �CM�. Among them, impact ionization is currently considered as the most prominent
mechanism in bulk semiconductors as well as in quantum dots �QDs�. However, impact ionization is a multi-
step process which produces a delayed appearance of multiple excitons, and it cannot explain the instantaneous
CM observed in PbSe QDs. In this work we present numerical simulations of the instantaneous mechanism of
direct biexciton photogeneration via virtual exciton and biexciton states in PbSe QDs, which takes place only
during the pump pulse excitation. The theoretical model is based on a four-band envelope-function calculation
of electron and hole states in spherical PbSe QDs and treats Coulomb interaction in the framework of pertur-
bation theory up to the first order. CM efficiency has been numerically evaluated for three different QD
samples of various sizes and band structures, considering photon energies up to four times the QD energy gap.
The results suggest that the mechanism of direct photogeneration can be only partially responsible for the total
experimentally observed CM, which is the sum of instantaneous and delayed contributions. We show that the
efficiency of such process strongly depends on the incident photon frequency, being particularly large in
spectral regions of weak excitonic absorption. Our simulations also indicate that the virtual exciton channel is
much more effective than the virtual biexciton channel and that the presence of a mirror symmetry between
valence and conduction bands has only minor impact on the CM efficiency. Even if the contributions of
instantaneous and impact generation still have not been experimentally separated, our numerical results are
compared with available experimental data, and a detailed discussion of their dependence on the model
parameters is presented.

DOI: 10.1103/PhysRevB.81.205302 PACS number�s�: 78.67.Hc, 78.67.Bf, 73.21.La, 73.22.Dj

I. INTRODUCTION

In recent years, particularly after the publication of
Schaller et al.1,2 and Ellingson et al.3 papers, the process of
so-called carrier multiplication �CM� in PbSe and PbS quan-
tum dots �QDs� has attracted great attention from the scien-
tific community. This process, also known as multiple exci-
ton generation �MEG�, consists in the generation of more
than one electron-hole �e-h� pair following the absorption of
a single photon. In the above-cited papers, CM was detected
by the transient absorption pump-probe method, and experi-
mental results suggested that the phenomenon is general to
nanocrystalline materials, as opposed to bulk materials
where the CM efficiency was found to be weak.4 Following
these encouraging results, a wide range of materials has been
investigated and efficient CM has also been reported in
CdSe,5,6 InAs,7,8 and Si �Ref. 9� QDs. However, in deep
contrast to previous reports, transient photoluminescence
measurements by Nair et al.10,11 demonstrated a very poor
CM. The authors reported a maximum efficiency of about
1.25 e-h pairs generated per photon in PbSe and PbS
nanocrystals10 and even no evidence of CM in CdSe and
CdTe nanocrystals.11 This observation is supported by recent
experimental results by Pijpers et al.12 showing that, contrary
to common expectations, for a given photon energy CM oc-

curs more efficiently in bulk PbS and PbSe than in QDs of
the same materials. Moreover, the carrier multiplication effi-
ciencies measured for the bulk have been quantitatively re-
produced by means of tight-binding calculations, which in-
dicate that the reduced CM efficiency in quantum dots can be
ascribed to the reduced density of states in these structures.
We expect that all these observations will stimulate further
experimental studies of CM in QDs.

Together with current experimental efforts, theoretical at-
tempts to understand the nature of CM in QDs and to esti-
mate its efficiency have also been performed. So far, several
models have been proposed to describe CM in QDs �a review
of these models can be found in Ref. 13�, and we believe that
all the proposed mechanisms contribute to the CM efficiency
to a certain extent. The main task of the theory is therefore to
estimate the role played by each mechanism in determining
CM efficiency in QDs. This kind of knowledge will be also
useful to predict the efficiency of CM in other nanostructures
in case such problem becomes topical.

The first mechanism proposed to explain CM in QDs was
impact ionization �Schaller and Klimov,1 see also Refs. 14
and 15�. According to this model CM takes place through
two events: the first one is the absorption of a high-energy
photon by the QD and the second one is the decay of the
high-energy QD excited state to a state with few e-h pairs. In
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the impact ionization picture the appearance of new e-h pairs
is therefore a multistep process, the simplest one being the
two-step process of biexciton generation, and the lifetime of
the high-energy QD excited state determines the delay in the
appearance of multiple excitons. However, the analysis of
the exciton population dynamics2 indicates that CM is a pro-
cess which is very close to an instantaneous appearance of
multiple e-h pairs. That is why two other models have been
proposed where the multiexciton states are directly photoge-
nerated.

One direct CM mechanism, introduced by Ellingson et
al.3 and Shabaev et al.,16 assumes that the strong electron-
electron �e-e� interaction inside the QD breaks the single
electron approximation for carriers with kinetic energy above
the effective energy gap and determines the structure of high-
energy excitations. According to this model, therefore, a
single high-energy photon creates a coherent superposition
of single and multiple exciton states of the same energy and
the condition of dominant two-exciton generation by a single
photon is that the thermalization rate of a single exciton is
lower than both the biexciton thermalization rate and the
exciton-biexciton e-e coupling. In the formulation of such
idea the authors also assumed that “in quantum dots the rate
of electron relaxation through electron-phonon interactions
can be significantly reduced because of the discrete character
of the electron-hole spectra �bottleneck effect�, and the rate
of Auger processes, including the inverse Auger process of
exciton multiplication, is greatly enhanced owing to carrier
confinement and the concomitantly increased electron-hole
Coulomb interaction” �from Ref. 17, page 178�. In a more
recent paper �Allan and Delerue13� the authors also consid-
ered the extreme case where all multiexciton states created
by a single photon of energy �� are so efficiently coupled by
Coulomb interactions that the system has enough time to
relax to the multiexcitons with the highest density of states at
that energy. Such statistical approach is, in its spirit, similar
to the one used by Fermi18 to describe high-energy collisions
of protons with production of multiple mesons. In the case of
CM in quantum dots such approach postulates that the redis-
tribution among excited states with energy �� is much faster
than the phonon relaxation to lower-energy states. However,
a recent study performed by Kilina et al.19 demonstrates the
breaking of the phonon bottleneck in PbSe and CdSe QDs,
and fast relaxation to lower-energy states. The authors of this
study stressed that not only recent experiments showed no
bottleneck20–23 but, in addition, their “time-domain ab initio
study of the electron-phonon dynamics rationalizes the fast
�energy� relaxation in PbSe and CdSe QDs, which have sub-
stantially different electronic properties. Atom fluctuations
and surface effects lift degeneracies and create dense distri-
butions of electronic levels at all but the lowest energies,
while confinement enhances the electron-phonon coupling.”
They also explain that at higher energies the spacing between
the electronic levels is of the order of the phonon frequen-
cies, thus allowing the resonant energy exchange. These re-
marks, together with the experiments by Nair and Bawendi,11

cast doubts on the correctness of the strong e-e interaction
assumption in the investigated QDs.

Another mechanism which can also give direct photoge-
neration of multiple excitons in QDs was first mentioned in

Ref. 2, and it assumes that a single high-energy photon cre-
ates final multiexciton states via virtual excitons, biexcitons,
and other QD excited states. In this model, electron-electron
interaction is treated in the framework of perturbation theory
and, in order to estimate the rate of biexciton generation, all
the possible virtual one-exciton2 and biexciton24 states have
to be taken into account. When considering the generation of
excited states with more than two e-h pairs, the number of
virtual excited states sharply increases, making the calcula-
tion of the transition rates much more cumbersome.

In the present paper we develop this latter model2 and
present numerical calculations of biexciton generation rates
and CM efficiencies in spherical PbSe QDs of different sizes.
Due to computational limitations, we only consider the cre-
ation of excitons and biexcitons in the region between two
and four times the QD energy gap �Eg�, taking into account
all the possible virtual excitonic and biexcitonic QD states.

We stress that direct, i.e., one step, photogeneration of
final multiexciton states is an instantaneous process which
takes place only during the pump pulse excitation. In tran-
sient absorption experiments pump pulse durations, �p, can
be less than 100 fs. This is a short time compared with the
impact ionization lifetimes, �i, calculated for PbSe QDs
which, in the energy range we consider, are of the order of
picoseconds.15 In a sense, we can also say that our analysis
concerns the precursor of the impact ionization process, in
which some high-energy excited states are instantaneously
generated by the pump pulse. Our numerical results show
that biexcitons can be efficiently created at short times
through the mechanism of direct photogeneration via virtual
states. The predicted biexciton cross section at short times
t��p��i cannot explain the final efficiency at longer times,
but it can be non-negligible at some excitation energies. Our
approach, namely, an excitation via virtual states, can also be
used in the impact ionization model, where it is important to
know the initial distribution of high-energy excited states.

We found that the most important factors governing the
instantaneous CM efficiency are the value of the e-e interac-
tion matrix elements and the shape of the excitonic absorp-
tion spectra. In particular, we show that �a� only a small
fraction of all the allowed biexcitonic states can be effi-
ciently generated, �b� instantaneous CM efficiency is high
only in regions where excitonic absorption is small, and �c�
virtual excitons play a much more important role than virtual
biexcitons.

In the following discussions we will always refer to the
instantaneous CM and not to the CM efficiency at long times
unless explicitly stated.

The paper is organized as follows. In Sec. II we find the
eigenstates of PbSe spherical QDs in the single-particle ap-
proximation. In Sec. III we describe the model used to com-
pute the CM efficiency. Numerical results are presented and
discussed in Sec. IV, while Sec. V is devoted to conclusions.
Finally, in the Appendix, we report the details of the calcu-
lations of transition dipole moments and e-e interaction ma-
trix elements.

II. ELECTRONIC STRUCTURE OF PbSe

In this section we present a four-band envelope-function
calculation of the electron and hole states in spherical PbSe
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QDs, following the work of Kang and Wise.25 We also adopt
a spherical approximation for the k ·p Hamiltonian, in order
to simplify calculations and to fully exploit the symmetry of
the problem. Band anisotropy has been shown to shift the
energy of the QD excited states and to provide oscillator
strength also to transitions which are forbidden in the isotro-
pic approximation.26,27 The former effect is not very impor-
tant for the aim of this work, while the latter can be approxi-
mately included in our simulations by broadening the
absorption spectrum as discussed in Sec. IV. Lead salts have
direct band gaps at four equivalent L points in the Brillouin
zone, the bottom of the conduction band, and the top of the
valence band having L6

− and L6
+ symmetry, respectively, in the

double-group notation. Neglecting mixing between states be-
longing to different L valleys, the Hamiltonian at each L
point can be written in the basis of band-edge Bloch func-
tions ��L6

−↑�� , �L6
−↓�� , �L6

+↑�� , �L6
+↓��	, where �= �1,2 ,3 ,4	

denotes the valley. Under the above assumptions the spheri-
cal Hamiltonian is given by25

Ĥ0�k� = 
�
Eg

bulk

2
+

�2k2

2m−�I
�P

m
k · �

�P

m
k · � − �Eg

bulk

2
+

�2k2

2m+�I , �1�

where I is the 2�2 identity matrix, � is the Pauli-spin ma-
trix, Eg

bulk is the bulk band gap, m is the free-electron mass,

m− �m+� is the far-band contribution to the isotropic band-
edge effective mass of electrons �holes�, and P is an effective
�isotropic� value for the momentum-matrix element taken be-
tween the extremal valence- and conduction-band states.

Single-particle states are found by solving the eigenvalue
equation

Ĥ0�k���r� = E��r� , �2�

where the eigenfunctions, ��r�, can be expressed as the
product of a Bloch part and of an envelope part,

��r� = F1�r��L6
−↑�� + F2�r��L6

−↓�� + F3�r��L6
+↑�� + F4�r�

��L6
+↓��. �3�

Due to the spherical approximation we can find eigenstates

of Ĥ0 which are at the same time eigenstates of the total

angular momentum Ĵ and of the parity �̂. Such states will be
labeled by their wave vector k, parity �, and total angular-
momentum quantum numbers j and m, with the latter being
the projection of the total angular momentum j along the z
axis. We add that j, being the sum of orbital and spin angular
momenta, is half integer and that, for each given value of �,
the z axis will be oriented along the corresponding �111�
direction of the cubic lattice. It is useful, at this point, to
introduce the following symmetry adapted basis set for the
Bloch and angular part of the wave function:

	�,�,j,m
C =�i� l + m + 1/2

2l + 1
Yl

m−1/2�L6
−↑�� + i� l − m + 1/2

2l + 1
Yl

m+1/2�L6
−↓��, l = j −

1

2
if � = �− 1� j+�1/2�

i� l − m + 1/2
2l + 1

Yl
m−1/2�L6

−↑�� − i� l + m + 1/2
2l + 1

Yl
m+1/2�L6

−↓��, l = j +
1

2
if � = �− 1� j−�1/2�� , �4�

for the conduction band and

	�,�,j,m
V =��

l − m + 1/2
2l + 1

Yl
m−1/2�L6

+↑�� −� l + m + 1/2
2l + 1

Yl
m+1/2�L6

+↓��, l = j +
1

2
if � = �− 1� j+�1/2�

� l + m + 1/2
2l + 1

Yl
m−1/2�L6

+↑�� +� l − m + 1/2
2l + 1

Yl
m+1/2�L6

+↓��, l = j −
1

2
if � = �− 1� j−�1/2�� , �5�

for the valence band.

A. Bulk

In the bulk Eq. �2� is solved with the condition that the wave functions vanish as r→
. The �non-normalized� bulk
eigenfunctions are then given by

��,k,�,j,m
C �r� = � jl�kr�	�,�,j,m

C + C�k�jl+1�kr�	�,�,j,m
V , l = j −

1

2
if � = �− 1� j+�1/2�

jl�kr�	�,�,j,m
C + C�k�jl−1�kr�	�,�,j,m

V , l = j +
1

2
if � = �− 1� j−�1/2�� , �6�

DIRECT PHOTOGENERATION OF BIEXCITONS VIA… PHYSICAL REVIEW B 81, 205302 �2010�

205302-3



��,k,�,j,m
V �r� = �C�k�jl−1�kr�	�,�,j,m

C + jl�kr�	�,�,j,m
V , l = j +

1

2
if � = �− 1� j+�1/2�

C�k�jl+1�kr�	�,�,j,m
C + jl�kr�	�,�,j,m

V , l = j −
1

2
if � = �− 1� j−�1/2�� , �7�

where jl are spherical Bessel functions of order l, k is a real
wave vector, and

C�k� =
2iP̃k

Eg
bulk +

�2

m−k2 − 2EC�k�
�8�

is a coefficient with modulus smaller than unity, where we

introduced P̃��P /m. The corresponding eigenvalues are

EV�k� =
1

2
��2

2
� 1

m− −
1

m+�k2

−��Eg
bulk +

�2

2
� 1

m− +
1

m+�k2�2

+ �2P̃k�2� ,

�9�

EC�k� =
1

2
��2

2
� 1

m− −
1

m+�k2

+��Eg
bulk +

�2

2
� 1

m− +
1

m+�k2�2

+ �2P̃k�2� ,

�10�

for the valence and conduction band, respectively.

B. Quantum dots

In a QD of radius R we solve Eq. �2� with the condition
that the wave functions vanish at r=R, thus assuming an
infinite potential boundary. Such an approximation is useful
to simplify calculations and it is also accurate enough for the
purposes of the present paper. As a matter of fact, taking into
account a finite confining potential does not significantly al-
ter the energy of the single-particle states.28 In a QD there is
no restriction for the behavior as r→
 and we obtain new
solutions of Eq. �2� from wave functions �6� and �7� by re-
placing the real wave vector k with a purely imaginary wave
vector �. Such new solutions will contain modified Bessel
functions, according to the definition il�x�= i−l jl�ix�. In par-
ticular we notice that for each real wave vector k it is pos-
sible to find two purely imaginary wave vectors �C�k� and
�V�k� such that EC�k�=EC��C�k�� and EV�k�=EV��V�k��, re-
spectively. As a consequence bulk eigenstates ��,k,�,j,m are
replaced in a QD by an appropriate superposition
��,k,�,j,m�r�=��,k,�,j,m�r�+A��,��k�,�,j,m�r�. The coefficient A
is found by imposing the boundary condition ��,k,�,j,m�R�
=0 and solving for k. This procedure yields an infinite num-
ber of discrete solutions, hereafter indicated with kn, so that
the continuous quantum number k is replaced by the discrete
quantum number n. The �non-normalized� QD eigenfunc-
tions are finally found explicitly as

��,n,�,j,m
C �r� =�

� jl�knr� −
jl�knR�
jl��n

CR�
jl��n

Cr��	�,�,j,m
C + C�kn�� jl+1�knr� −

jl+1�knR�
jl+1��n

CR�
jl+1��n

Cr��	�,�,j,m
V

l = j −
1

2
, if � = �− 1� j+�1/2�;

� jl�knr� −
jl�knR�
jl��n

CR�
jl��n

Cr��	�,�,j,m
C + C�kn�� jl−1�knr� −

jl−1�knR�
jl−1��n

CR�
jl−1��n

Cr��	�,�,j,m
V

l = j +
1

2
, if � = �− 1� j−�1/2�;

� , �11�
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��,n,�,j,m
V �r� =�

C�kn�� jl−1�knr� −
jl−1�knR�
jl−1��n

VR�
jl−1��n

Vr��	�,�,j,m
C + � jl�knr� −

jl�knR�
jl��n

VR�
jl��n

Vr��	�,�,j,m
V

l = j +
1

2
if � = �− 1� j+�1/2�;

C�kn�� jl+1�knr� −
jl+1�knR�
jl+1��n

VR�
jl+1��n

Vr��	�,�,j,m
C + � jl�knr� −

jl�R�
jl��n

VR�
jl��n

Vr��	�,�,j,m
V

l = j −
1

2
if � = �− 1� j−�1/2�.

� . �12�

In the above equations �n
C=�C�kn�, �n

V=�V�kn� and the corre-
sponding energies are given by En

C=EC�kn� and En
V=EV�kn�

for the conduction and valence-band states, respectively.
Each state is 4�2j+1� times degenerate since energy does not
depend on the quantum numbers � and m.

It is customary to label single-particle states in a QD as
nlj even if, as we have explicitly shown, they are only eigen-
states of j and contain states with different values of the
orbital angular momentum l. In this notation the value of l is
assumed to be the one of the most relevant part of the wave
function, i.e., the value used in Eqs. �11� and �12�. The parity
of the wave function for a state nlj is therefore given by

� = ��− 1�l+1 for electrons

�− 1�l for holes
� .

We are aware that the four-band envelope-function formal-
ism is not valid for very small QDs, with radii R1.5 nm,
and it is also not very accurate in reproducing the experimen-
tal energies of the lowest energy exciton for QD with radii
between 1.5 and 3.5 nm.28 Nevertheless it is a solid theory
which allows a full description of the problem in terms of
simple wave functions with well defined symmetry proper-
ties. This is of fundamental importance in order to under-
stand which states play the most important role in CM,
which is the main aim of this work.

III. DIRECT PHOTOGENERATION OF BIEXCITONS AND
QUANTUM EFFICIENCY

In this section we present the method adopted to compute
the creation rates of QD excited states by solar-type radia-
tion. In our model e-e interaction is treated as a small per-

turbation to the single-particle Hamiltonian Ĥ0. The full QD

Hamiltonian Ĥ is therefore

Ĥ = Ĥ0 + V̂ee, �13�

with

V̂ee = �
ij

e2

�QD�r̂i − r̂ j�
, �14�

where e is the electron charge, �QD is the QD dielectric con-
stant, r̂i is the position operator of the ith electron, and the

summation in Eq. �14� is taken over all electron pairs. We
point out that it is possible to define an average macroscopic
dielectric function even for very small QDs, as discussed in
the Appendix where a formula to compute �QD is also given.
At zero-order approximation, i.e., when e-e interaction is ne-
glected, QD excited states are given by the product of single-
particle states �11� and �12� corresponding to electrons and
holes, respectively. In the energy range of interest �up to 4Eg�
excited states with one, two and three e-h pairs �triexcitons�
should be taken into account. However, due to computational
limitations, in the present work we only consider one-exciton
and biexciton excited states, denoted in the following as �x�
and �b�, respectively. We believe that including triexcitons
would not alter the main conclusions of this work, as also
suggested by recent experiments which found no evidence of
triexciton generation at excitation energies as high as 3.7Eg
in QDs very similar to the ones we consider here.10 The

eigenfunctions of the unperturbed Hamiltonian Ĥ0 form a
complete orthonormal set and they will be used in the fol-
lowing as a basis to describe the eigenfunctions of the full

Hamiltonian Ĥ. In particular, in the zero-order approxima-
tion, exciton wave functions may be expressed as the direct
product of an electron and a hole, while biexcitons are the
direct product of two excitons. Since e-e interaction does not
depend on time, in the first-order approximation the ground
state and biexciton wave functions are

�0�1�� = �0�0�� + �
b�

�0�0��V̂ee�b��0��
E0 − Eb�

�b��0��

+ �
x�

�0�0��V̂ee�x��0��
E0 − Ex�

�x��0�� , �15�

and

�b�1�� = �b�0�� +
�b�0��V̂ee�0�0��

Eb − E0
�0�0�� + �

x�

�b�0��V̂ee�x��0��
Eb − Ex�

�x��0��

+ �
b��b

�b�0��V̂ee�b��0��
Eb − Eb�

�b��0�� , �16�

respectively, where the �0� superscript indicates the unper-
turbed single-particle states. In the above equations and in
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the following, energies E refer to unperturbed QD states and
the superscript �0� is omitted to simplify the notation. We
note that when e-e interaction is taken into account the struc-
ture of the QD states becomes much more complex, since
perturbed excited states are a superposition of unperturbed
eigenfunctions with different numbers of electron-hole pairs
and with different energies. In particular, we stress that the
eigenstates of the full Hamiltonian have not a fixed number
of e-h pairs any more. In Ref. 16 e-e interaction is considered
as very strong and the authors assumed that high-energy QD
excited states “form a coherent superposition with charged
excitons of the same energy.” In our model, we do not use
this hypothesis and e-e interaction can be arbitrary, as long as
it remains much smaller than the energy differences between
unperturbed excited states.

We now consider the process of absorption of electromag-
netic radiation by a QD. Having in mind solar irradiance as
the external source, we assume that the electromagnetic ra-
diation has a constant intensity and angular frequency �.
However, we point out that such a continuous-wave approxi-
mation is still valid in the case of pulsed optical pumping,
provided that the pulse duration is much longer than the
dephasing times of the relevant excited states. In the dipole

approximation, the electromagnetic interaction V̂em then
reads as

V̂em�t� = V̂eme−i�t + c.c. =
ieE
m�

e−i�te · p̂ + c.c. �17�

where p̂ is the momentum operator and the electric field is

Ē=eEe−i�t+c.c., with e being the direction of the electric-
field polarization. At first order in perturbation theory the
absorption rate, W, by a discrete QD excited state �n� of
energy En is given by the Fermi’s golden rule as

W���� =
2�

�
��n�V̂em�0��2��En − ��� , �18�

where �0� represents the QD ground state. We can also re-
place the discrete state �n� with a continuum of states �n�E��
with energy E and density �n�E� such that �E�n�E�dE=1,
obtaining

W���� =
2�

�
��n�����V̂em�0��2�n���� . �19�

In the following we will always assume that, when passing
from a discrete state to a continuum of states, the wave func-
tion does not change even if the energy does; i.e., �n�E��
��n� and En����=��.

When e-e interaction is neglected only single-exciton

states can be excited by the radiation since �x�0��V̂em�0�0��
�0, while biexcitonic states are forbidden in the dipole ap-

proximation; i.e., �b�0��V̂em�0�0��=0. To the leading order in
Vee, the rate of exciton creation is therefore

W1���� = �
x

2�

�
��x�0��V̂em�0��2

e−�Ex − ���2/2�x
2

�x
�2�

, �20�

where �x�0�� are unperturbed QD excitonic states of energy Ex
and we assumed a Gaussian density of states �x�E�=
exp�−�Ex−E�2 /2�x

2� / ��x
�2�� with full width at half maxi-

mum �FWHM� �x�2�2 ln 2�x, in order to account for ho-
mogeneous and inhomogeneous broadening as well.

In our calculations we only considered direct intraband
and interband transitions, i.e., transitions between electrons
and/or holes in the same valley. As a consequence, only di-
rect excitons can be created by the external radiation. This
approximation greatly simplifies our numerical calculations,
by drastically reducing the number of allowed excitonic and,
as we will see, biexcitonic states and it is justified by the fact
that indirect transitions are only weakly allowed.25 Denoting
by �c���c,nc,�c,jc,mc

C and �v���v,nv,�v,jv,mv

V the total wave
functions of the single-particle conduction and valence-band
states, respectively, selection rules for the creation of the
corresponding exciton �vc� are �c=�v, �j= jc− jv=0, �1,
�m=mc−mv=0, �1, and �c�v=−1, which in the usual no-
tation for single-particle states imply �l= lc− lv=0. The more
restrictive selection rule �j=0 holds only if the electron and
hole effective masses are equal.

As already mentioned, zero-order biexcitonic states �b�0��
are forbidden in the dipole approximation. Nevertheless,
when considering first-order ground and biexcitonic states,
given by Eqs. �15� and �16�, respectively, we obtain, to the
first order in Vee,

�b�1��V̂em�0�1�� = �
x�

�b�0��V̂ee�x��0���x��0��V̂em�0�0��
Eb − Ex�

+ �
b�

�b�0��V̂em�b��0���b��0��V̂ee�0�0��
E0 − Eb�

.

�21�

In the same approximation, the rate of biexciton creation is
therefore

W2���� = �
b

2�

� ��
x�

�b�0��V̂ee�x��0���x��0��V̂em�0�0��
�� − Ex� + i�x

+

− �
b�

�b�0��V̂em�b��0���b��0��V̂ee�0�0��
Eb�

�2
e−�Eb − ���2/2�b

2

�b
�2�

,

�22�

where �b�0�� are unperturbed biexcitonic states of energy Eb,
�x��0�� ��b��0��� are unperturbed virtual excitonic �biexcitonic�
states of energy Ex� �Eb��, �x is the dissipative width of ex-
citonic states, and we set E0�0. As already done for exci-
tonic absorption, in deriving Eq. �22� we assumed a Gaussian
density of states �b�E�=exp�−�Eb−E�2 /2�b

2� / ��b
�2�� with

FWHM �b�2�2 ln 2�b. The replacement of Eb with �� in
the denominator can be understood by recalling the deriva-
tion of Eq. �19� and the comment following it.
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We see from Eq. �22� that the creation of a biexciton can
take place through two interfering paths, described by the
two summations, involving virtual excitons and virtual biex-
citons, respectively. The former path corresponds to the ab-
sorption of a single photon creating a virtual QD exciton,
which in turn is coupled to the final biexcitonic state by e-e
interaction. The latter path corresponds to an intraband tran-
sition from a virtual biexciton to the final biexciton, made
possible by the existence of virtual biexcitons coupled to the
ground state by e-e interaction.24 Please note that in this
second path no absorption is involved in the creation of vir-
tual biexcitons, so that the denominator of the corresponding
term of Eq. �22�, containing the energy difference between
ground and virtual states, does not depend on the photon
energy and it gives no resonance, in contrast to the virtual
exciton term.

Due to parity selection rules, only odd biexcitons are op-
tically allowed. In addition, due to our assumption that only
direct excitons are allowed, only biexcitons composed of two
direct excitons are allowed, either as final or virtual states.
This fact, which can be deduced from the explicit calcula-
tions described in the Appendix, greatly reduces the compu-
tational complexity of the numerical problem.

The dissipative width of excitonic states �x is contributed
by all possible processes which destroy them, including pro-
cesses of scattering, transformation or annihilation. For ex-
ample, for highly excited one-exciton states the dissipative
width includes also Auger processes or inverse Auger pro-
cesses, as the processes of impact ionization considered as
the source of CM in Ref. 1.

Quantum efficiency �QE�, �, is defined as the average
number of electron-hole pairs created per absorbed photon,
in formulas

����� = 1 +
W2����

W1���� + W2����
. �23�

Since in the above definition we use the quantity W2, which
describes direct photogeneration of biexcitons, this QE char-
acterizes only instantaneous generation and does not take
into account the contribution of impact generation of biexci-
tons. Nevertheless, in order to allow a direct comparison
with experiments, we introduce the excitonic and biexcitonic
absorption cross section of a single PbSe QD embedded in a
host with refractive index nh, which can be obtained from the
transition rates W1 and W2 as

�1���� =
W1������

S̄
, �24�

�2���� =
W2������

S̄
�25�

where S̄=cnh /2�E2 is the average energy flux per unit time
and per unit surface.

We also define the energy dependent excitonic and biex-
citonic density of states, gx���� and gb����, respectively,
taking into account a Gaussian broadening as in Eqs. �20�
and �22�, obtaining

gx���� = �
x

e−�Ex − ���2/2�x
2

�x
�2�

, �26�

gb���� = �
b

e−�Eb − ���2/2�b
2

�b
�2�

. �27�

In our calculations we neglect the influence of QD surface
excitations, different trap surface states,29 and different ef-
fects of surface ligands30 on the excitation dynamics. In more
accurate theory, such excitations would have to be consid-
ered as virtual states as they can be responsible for the en-
ergy transfer from bulk to surface and vice versa. We also do
not consider the electron-phonon interaction assuming that
its role is reflected in the broadening of exciton and biexciton
absorption, which can be deduced from experimental data.
Finally, the real shape of QDs may be different from spheri-
cal and this effect can be particularly important for small
QDs but, again, we assume that deviations from sphericity
can be accounted for by adjusting the absorption linewidths
�x and �b.

IV. RESULTS AND DISCUSSION

In this section we report and discuss the results of our
numerical calculations of CM efficiency in PbSe QDs. We
stress again that we will describe the features of only one of
the possible CM mechanisms, being understood that different
mechanisms have different features. In particular direct biex-
citon photogeneration predicts an instantaneous CM, which,
in the energy range we consider, takes place before any im-
pact ionization process. We simulated three different QD
samples which, in the following, will be denoted by KW1,
KW2, and EL, respectively. For samples KW1 and KW2, we
used a set of parameters taken from Kang and Wise paper,25

while for sample EL parameters have been taken from Ell-
ingson et al.3 The main difference between the two sets is in
the effective masses, which in the case of the EL sample are
assumed to be equal for electrons and holes. For KW1 and
EL QDs, the radius has been set to R=1.95 nm, in order to
match the size of the smallest samples studied by Ellingson
et al.3 For sample KW2, instead, we assume a larger radius,
R=3 nm, in order to match the energy gap �Eg� of the above
mentioned experimental samples. All the parameters used in
the numerical calculations are reported in Table I.

First of all, we computed QD single-particle states with
energies up to 4Eg according to the procedure described in
Sec. II. The energies of the six lowest electron and hole
states are reported in Table II. As expected, KW1 and KW2
parameters do not reproduce correctly the experimental gaps,
which are 0.91 eV for R=1.95 nm and about 0.7 eV for R
=3 nm.3 On the other hand, EL parameters have been cho-
sen by the authors of Ref. 3 to match their experimental
results for a wide range of QD sizes and they produce a more
reasonable agreement with the measured energy gap. We fur-
ther notice that P and D states are split due to spin-orbit
coupling, which is included in our model through the param-

eter P appearing in Ĥ0. Having the single-particle states we
then built all the unperturbed excitonic and biexcitonic states
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with energies up to the same cutoff energy of 4Eg.
Excitonic ��1� and biexcitonic ��2� absorption cross sec-

tions have been finally computed by means of Eqs. �24� and
�25�, respectively, making use of formulas �20� and �22� and
of the procedures described in the Appendix for the calcula-

tion of V̂em and V̂ee matrix elements. Again, in evaluating W1
and W2, we only included final and intermediate states with
energies lower than 4Eg. Moreover, due to our approxima-
tions, we only needed to consider single-valley dipole-
allowed excitons and all the single- and two-valley biexci-
tons. In this way we had a total of 1336 excitons and 295 704
biexcitons for sample KW1, 2152 excitons and 1 061 716
biexcitons for sample KW2, 1528 excitons and 2 308 176
biexcitons for sample EL. Raising the value of the energy
cutoff above 4Eg would quickly increase the number of
states involved, because the density of states is higher at
higher energies. This was not possible on our workstation,
mainly because handling such a large number of states would
require an unreasonably large amount of time.

In numerical calculations we always used nh=1, which is
appropriate to QDs in vacuum, but we point out that absorp-
tion cross sections for a different host material can be easily
deduced from the present results following Eqs. �24� and
�25�. We also assumed �x=�x=20 meV and �b=40 meV,
for samples EL and KW2, while we used �x=�x=30 meV
and �b=60 meV for sample KW1, in order to have �x=�x

�0.02Eg for all the samples. The above values account for
both the homogeneous and inhomogeneous broadenings of
the single QD and have been taken two times larger for biex-
citons as compared to excitons. Experimental absorption
linewidths are usually larger than the above values because
they are dominated by size dispersion, which we will take
into account separately, as discussed below. As an example,
we mention that Koole et al.31 found a FWHM of 55 meV
for the first optical transition in highly monodisperse QDs of
radius 3.4 nm. We add that will show in the following how
the biexcitonic cross section depends on �x.

Figures 1–3 report in solid lines the absorption cross sec-
tions and the instantaneous quantum efficiency calculated for
the three samples KW1, KW2, and EL, respectively. We first
note that for all the samples �1 is two to three orders of
magnitude larger than �2 and that all the relevant biexcitonic
absorption peaks correspond to biexcitonic states which are
strongly coupled to intense excitonic transitions. Moreover,
biexcitonic absorption is enhanced when the final biexcitonic
state is resonant with a strongly coupled virtual exciton, as in
the case of the peak labeled b3 in Fig. 1�b� and of the peak at
3.8Eg in Fig. 2�b�.

In all three QDs quantum efficiencies as large as 2 can be
reached in correspondence with allowed biexcitonic transi-

TABLE I. Parameters used in the numerical calculations and
predicted energy gap �Eg� for the three investigated QDs. The ex-
pression used to compute �QD is reported in the Appendix. Other
parameters are: Eg

bulk=0.28 eV �at 300 K� and 2Pl
2 /m=1.7 eV, for

all three samples �Ref. 25�.

KW1 KW2 EL

m /m− 3.9 3.9 1.5

m /m+ 6.9 6.9 1.5

2P2 /m �eV� 2.6 2.6 3.15

R �nm� 1.95 3 1.95

�QD 11.2 15.7 14.6

Eg �eV� 1.55 0.89 1.03

TABLE II. Energies of the lowest lying single-particle
conduction-band �CB� and valence-band �VB� states for the three
investigated QDs �in eV�. For sample EL conduction and valence-
band states are degenerate because electron and hole masses are
assumed to be equal.

KW1 KW2 EL

CB VB CB VB CB/VB

1S1/2 0.617 0.933 0.376 0.516 0.513

1P3/2 1.05 1.68 0.578 0.850 0.781

1P1/2 1.09 1.70 0.607 0.865 0.838

1D5/2 1.58 2.60 0.815 1.25 1.07

1D3/2 1.62 2.62 0.850 1.27 1.14

2S1/2 1.86 3.05 0.947 1.45 1.24

FIG. 1. �Color online� �a� Quantum efficiency, �, as a function
of energy computed for KW1 sample using �x=�x=30 meV and
�b=60 meV. �b� Excitonic ��1� and biexcitonic ��2� absorption
cross sections as a function of energy computed for KW1 QD using
the same parameters as in panel �a�. Main excitonic and biexcitonic
transitions are labeled for convenience �see text for details�. In both
panels, �a� and �b�, solid lines represent full calculations, dashed
lines have been computed by including only the virtual exciton
path, and dotted lines have been obtained by including only
strongly coupled final biexcitonic states �see text for details�.
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tions, but CM is negligible whenever the excitation is reso-
nant with the more intense excitonic transitions. In fact,
while it is true that the presence of a resonant virtual excitons
enhances biexcitonic absorption, we also found that the num-
ber of strongly coupled biexcitonic states is too low to ensure
that �2��1. We therefore conclude that instantaneous CM
can be efficient only when excitonic absorption peaks are
largely spaced, as it is the case for small QDs and small
excitonic broadenings �x. Unfortunately these conditions are
rarely met in real samples in which excitonic absorption is
very broad due to size dispersion, nonsphericity, intervalley
coupling, thermal motion, and excitonic transitions originat-
ing from other points of the Brillouin zone appearing at high
energies.31

A quantitative comparison between the three samples by
means of Figs. 1–3 is not straightforward because the
samples have different sizes and broadenings, but we can
compare direct biexcitonic photogeneration efficiencies by
computing the quantity �=R−3�0

4Eg�2����d��. This quantity
is proportional to the total biexcitonic absorption coefficient
�up to 4Eg� in the case of an incident radiation with a uni-
form spectral density, assuming that the QD volume fraction
of the three samples is the same. Note that the spectral range
�i.e., 0 to 4Eg� is different for the three samples but we be-
lieve the comparison is still meaningful, because we observe

that when energies are scaled to Eg the behavior of samples
with the same band structure �KW1 and KW2� is similar.
From the computed spectra we found �=3.4
�10−3 Å−1 meV for sample KW1, 3.7�10−3 Å−1 meV for
KW2, and 2.9�10−3 Å−1 meV for EL. We are now in a
position to discuss the effects of size and band structure. We
have already mentioned that the number of states with ener-
gies up to 4Eg is larger for sample KW2, with R=3 nm, than
for sample KW1, with R=1.95 nm. This is a consequence of
the single-particle energies scaling with R−2 and it is still true
when the more correct R−1.5 scaling is assumed. We also
found that, as expected, Coulomb interaction increases when
QD size decreases �see at the end of the Appendix for more
details�. These two effects have opposite consequences on
the biexciton generation and our numerical results show that,
for the two sizes we investigated, the net effect is negligible,
since we predict very similar values of � for samples KW1
and KW2. Sample EL, on the contrary is the one with the
largest number of states and the strongest Coulomb interac-
tion, due to the symmetry between valence and conduction
bands �see the Appendix for details�. Nevertheless, the total
absorption coefficient in this case is predicted to be smaller
than in the case of KW samples. In our opinion this is be-
cause in the spectral range we investigate the total number of
states is still too small to make use of statistical arguments

FIG. 2. �Color online� �a� Quantum efficiency, �, as a function
of energy computed for KW2 sample using �x=�x=20 meV and
�b=40 meV. �b� Excitonic ��1� and biexcitonic ��2� absorption
cross sections as a function of energy computed for KW2 QD using
the same parameters as in panel �a�. In both panels, �a� and �b�,
solid lines represent full calculations, dashed lines have been com-
puted by including only the virtual exciton path, and dotted lines
have been obtained by including only strongly coupled final biex-
citonic states �see text for details�.

FIG. 3. �Color online� �a� Quantum efficiency, �, as a function
of energy computed for EL sample using �x=�x=20 meV and �b

=40 meV. �b� Excitonic ��1� and biexcitonic ��2� absorption cross
sections as a function of energy computed for EL QD using the
same parameters as in panel �a�. In both panels, �a� and �b�, solid
lines represent full calculations, dashed lines have been computed
by including only the virtual exciton path, and dotted lines have
been obtained by including only strongly coupled final biexcitonic
states �see text for details�.
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and biexciton generation is due to a limited number of final
and intermediate states, whose relative spectral positions
strongly affect the final efficiency.

As an aid to the following discussion, hereafter
we will explicitly indicate biexcitonic states as
��e1� , �h1� , �e2� , �h2��, where the single-particle notation will
be used to describe the two electrons �e1,e2� and the two
holes �h1,h2� forming the biexciton. Moreover, if not explic-
itly stated, by the above notation we will indicate the set of
all the degenerate single- and two-valley unperturbed biexci-
tons that can be built by placing each electron and each hole
in whichever valley. In the same spirit we will indicate
single-valley �i.e., direct� unperturbed excitons as ��e� , �h��.
It is now interesting to discuss the threshold for CM. In both
samples, KW1 and KW2, the first allowed biexcitonic
states are �1S1/2�e1� ,1S1/2�h1� ,1P3/2�e2� ,1S1/2�h2��, with en-
ergy 3.53 eV �2.28Eg� and 1.99 eV �2.23Eg�, respectively. As
for the EL sample, the first allowed biexcitonic states are
�1S1/2�e1�1S1/2�h1� ,1S1/2�e2�1P1/2�h2�� and
�1S1/2�e1�1S1/2�h1� ,1P1/2�e2�1S1/2�h2��, which are degener-
ate due to the electron and hole effective masses being equal
and have energy 2.38 eV �2.32Eg�. We can therefore con-
clude that, even if the three samples have different sizes and
effective masses, the threshold for direct biexciton photoge-
neration, and hence for instantaneous CM, is predicted to be
in the same �scaled� energy region, i.e., between 2.2 and
2.4Eg. Such values are in agreement with the experimental
data of Ref. 3 where a statistically significant increase in CM
efficiency has been found in the region between 2.1 and
2.9Eg.

We also investigated the relative contribution of the two
interfering virtual paths to biexciton generation. In order to
do so, we computed �2���� and ����� including only the
excitonic virtual path in Eq. �22�. Results are shown in Figs.
1–3 with dashed lines. We see that the plots are superim-
posed to the ones obtained with the full calculations, sug-
gesting that the virtual biexciton path does not contribute
significantly to the total transition rate, contrary to what pre-
dicted in Ref. 24. This is because some approximations made
in Ref. 24 in order to estimate the relative importance of the
two paths are not accurate. In particular, it is misleading to
assume that only resonant virtual excitonic states contribute
to biexciton generation. In fact, our simulations show that the
shape of the wave function and the dipole moment of the
virtual exciton can be more important than its spectral posi-
tion in determining how effective its contribution to CM is.
As a consequence the number of virtual excitonic states is
usually larger than the number of virtual biexcitons, at least
in the energy region we investigated. We also found that Vee
matrix elements are much smaller in the case of the virtual
biexciton path with respect to the virtual exciton path, as
discussed in detail in the Appendix.

Another important issue is to determine how many final
biexcitonic states are really contributing to the final CM ef-
ficiency. We found that in samples KW1, KW2 and EL only
23%, 18%, and 10%, respectively, of all the final biexcitonic
states we considered are in fact allowed, as it can be seen in
Fig. 4. Moreover, only about one-tenth of the allowed biex-
citonic states is indeed significant. In order to demonstrate
this point, we considered the virtual exciton path and in-

cluded in the calculation of �2 and � only strongly coupled
final biexcitonic states, defined as those states which have a
“bulk-screened” Vee matrix element �computed considering
�QD=�


bulk=23� of at least 1 meV with some allowed virtual
exciton. Strongly coupled biexcitons represent only 3%, 2%,
and 1% of all the final biexcitonic states we considered in
samples KW1, KW2, and EL, respectively, but we found that
they determine almost completely the biexcitonic absorption
cross section. The result of the calculations is showed in
Figs. 1–3 with dotted lines. The plots are nearly identical to
the solid lines obtained by the full calculations, thus confirm-
ing that only 1–3 % of all single- and two-valley final biex-
citonic states is relevant to direct biexciton photogeneration.

A more detailed analysis has been performed for sample
KW1. In that case biexcitons are largely spaced and it is
possible to assign each peak in �2 to a well defined set of
states. In particular we identified the first five peaks in �2,
labeled as b1 , . . . ,b5 in Fig. 1, finding that they are all due to
final biexcitons composed of three single-particle S states
and one P state. Moreover, all of the above biexcitons are
allowed mainly through virtual excitons composed exclu-
sively of S holes and electrons. The complete list of biexci-
tonic states responsible for peaks b1 , . . . ,b5 is reported in
Table III, together with the corresponding most relevant vir-
tual excitons. We see from Table III that the most effective
virtual excitons are x0 �i.e., the first allowed excitonic tran-

FIG. 4. Density of states of allowed excitons �dotted lines� and
allowed single- and two-valley biexcitons �solid lines�, computed
from Eqs. �26� and �27� with 2�2 ln 2�x=2�2 ln 2�b=100 meV
for the three samples. Dashed lines represent the density of all
single- and two-valley biexcitons, allowed and not allowed. When
all multivalley biexcitons are considered the total density of biex-
citonic states is about 16 times the one showed with dashed line.
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sition� and x3, which are both intense and strongly coupled to
the final biexcitonic state. We also notice that these interme-
diate states are not always resonant with the final states but,
when they are, biexcitonic absorption is largely increased, as
in the case of the b3 peak. In order to check the correctness
of our analysis we computed �2���� including only the final
and virtual states reported in the table, finding that they ac-
count for about 93% of the total biexciton creation rate up to
3.75Eg. This confirms that �2 and hence the instantaneous
CM efficiency are determined by a limited number of
strongly coupled biexcitonic states.

The above discussion shows that estimating the rate of
biexciton creation based solely on the number of available
biexcitonic states can lead to wrong conclusions, at least for
excitation energies below 4Eg. According to our model, for
instance, only one- and two-valley biexcitons, representing
about 1/16 of all the multivalley biexcitons, can be effi-
ciently generated, being allowed through virtual direct exci-
tons. Moreover, in the region between 2 and 4Eg, the matrix
element of Vee is of the order of 1 meV only for about
1–3 % of the one- and two-valley biexcitons, while for most
of the other states e-e interaction is orders of magnitude
smaller. Finally, we have shown that in the case of small
QDs, as sample KW1, the list of relevant biexcitonic states is
fairly short. All of these findings explain why, in the whole
energy region we considered, biexciton creation through the
virtual biexciton path is practically negligible and why, in
general, biexcitonic transitions are much weaker than exci-
tonic ones.

We now discuss the role of the excitonic dissipative width
�x. Assuming �x=20 meV and �b=40 meV, for samples
EL and KW2, and �x=30 meV and �b=60 meV for sample
KW1, we studied what happens as �x changes. As expected,
the biexciton absorption cross section �2 increases as �x de-
creases, but this effect is appreciable only when a biexcitonic
final state is in resonance with the virtual excitonic states to
which it is more strongly coupled. The results of the calcu-
lations are shown in Fig. 5. It can be seen that variations in
the cross section can be relevant, but they are limited to
narrow spectral regions.

The role of the two parameters �x and �b is to determine
the linewidth of the excitonic and biexcitonic absorption
peaks, respectively. We already mentioned that in real
samples both excitonic and biexcitonic absorption are much
broader than we have so far assumed. The main consequence
is that, in the whole spectral range, excitonic transitions
dominate and the predicted instantaneous CM efficiencies

become much smaller than the ones reported in Figs. 1�a�,
2�a�, and 3�a�. More realistic broadenings are considered and
discussed below where size dispersion is introduced.

Unfortunately, we are not aware of any study of the reso-
nance structure of CM efficiency, which could provide valu-
able information on the mechanisms at work. Impact ioniza-
tion, for instance, can take place only if the excitation is in
resonance with a high-energy exciton, in contrast with the
direct photogeneration process we have just described. More-
over we are not aware of any experiment where the instan-
taneous and delayed contributions have been determined
separately. However, in order to better compare our simula-
tions with the experimental results, we took into account size

TABLE III. List of biexcitonic states associated with the first relevant biexcitonic absorption peaks of
sample KW1 as labeled in Fig. 1. Virtual excitons are labeled as in Fig. 1 except x0 which is the first allowed
excitons and determines the QD energy gap. Numbers in parenthesis are the exciton energies in units of Eg.

Peak Energy /Eg Final biexciton ��e1� , �h1� , �e2� , �h2�� Virtual excitons ��e� , �h�� �Energy /Eg�

b1 2.31 �1S1/2 ,1S1/2 ,1P1/2 ,1S1/2� x0 : �1S1/2 ,1S1/2��1.00�, x1 : �1S1/2 ,2S1/2��2.36�
b2 2.49 �1S1/2 ,1S1/2 ,1S1/2 ,1P1/2� x0 : �1S1/2 ,1S1/2��1.00�
b3 3.12 �1P1/2 ,1S1/2 ,2S1/2 ,1S1/2� x3 : �2S1/2 ,2S1/2��3.16�
b4 3.28 �1S1/2 ,1S1/2 ,2S1/2 ,1P1/2� x3 : �2S1/2 ,2S1/2��3.16�
b5 3.67 �1S1/2 ,1S1/2 ,1P1/2 ,2S1/2� x3 : �2S1/2 ,2S1/2��3.16�

FIG. 5. Biexcitonic absorption cross section, �2, as a function of
energy computed using �x=20 meV and �b=40 meV ��x

=30 meV and �b=60 meV� for samples EL, KW2 �KW1�. Plots in
dotted, solid and dashed lines have been obtained for samples EL,
KW2 �KW1� using dissipative excitonic linewidths �x=10 meV
�15 meV�, �x=20 meV �30 meV�, and �x=40 meV �60 meV�,
respectively.
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dispersion, which is the main source of broadening in real
samples. In order to do so without repeating all the numerical
calculations for each QD size, we assumed that electromag-
netic and Coulomb interactions remain the same for QDs
with similar sizes. We took instead into account the change
of the energy levels with size. The averaged absorption cross
sections are therefore

��1����� � �
r

P�r��1�r,���dr , �28�

��2����� � �
r

P�r��2�r,���dr , �29�

where the size distribution P�r� is assumed to be Gaussian
with mean QD radius R and relative width �R,

P�r�dr =
1

�R
�2�

e−�r/R − 1�2/2�R
2 dr

R
, �30�

and �1�r ,���, �2�r ,��� are obtained from Eqs. �24� and
�25� using the following approximate size dependent creation
rates:

W1�r,��� = �
x

2�

�
��x�0��V̂em�0�R�2

e−�Ex�r� − ���2/2�x
2

�x
�2�

,

�31�

W2�r,��� = �
b

2�

� ��
x�

�b�0��V̂ee�x��0��R�x��0��V̂em�0�0��R

�� − Ex��r� + i�x
− �

b�

�b�0��V̂em�b��0��R�b��0��V̂ee�0�0��R

Eb��r� �2
e−�Eb�r� − ���2/2�b

2

�b
�2�

, �32�

where the subscript R indicates that matrix elements have
been computed using the mean QD radius.

We show in Figs. 6–8 how absorption cross sections and
instantaneous CM efficiencies broaden upon increasing the
size dispersion of samples KW1, KW2, and EL, respectively.
Such broadening is much larger than both �x and �b so that
the averaged line shapes are independent of the values of
these parameters. The main consequence is that excitonic
absorption is non-negligible in the whole energy range be-
tween 2 and 4Eg thus significantly reducing the instanta-
neous CM efficiency, which, for all the samples, drops dra-
matically as size dispersion increases.

We now compare our predictions to available experimen-
tal results. Even when size dispersion is taken into account,
excitonic cross sections computed for the two samples with
R=1.95 nm �EL and KW1� are of the same order of magni-
tude as the experimental value of 54 Å2 measured by Ji et
al.33 at 3.1 eV �3.3Eg� in QDs of the same size. On the other
hand, biexcitonic cross sections are much smaller, leading to
the conclusion that in real samples absorption is mainly due
to single excitons. This remains true for sample KW2, with
R=3 nm, because we know that the absorption cross section
scales with the QD volume. From the computed absorption
cross sections we can easily estimate the number of directly
photogenerated biexcitons. Considering, for instance, a typi-
cal pump fluence of about J=1 eV /Å2 and a biexcitonic
absorption cross section �2=0.1 Å2 at ��=3 eV, we can
calculate that about J�2 /��=0.03 biexcitons per QD are
generated at the sample front surface. Higher fluences would
of course lead to the generation of a larger number of biex-
citons per QD, but at the same time sequential absorption of
more than one exciton by the same QD would become more
likely.

A comparison of CM efficiencies is more difficult, be-
cause experimental measurements do not separate the contri-
butions of instantaneous and delayed mechanisms. Nair et

FIG. 6. �Color online� �a� Quantum efficiency, �, as a function
of energy computed for KW1 sample using �x=�x=30 meV and
�b=60 meV. �b� Excitonic ��1� and biexcitonic ��2� absorption
cross sections as a function of energy computed for KW1 QD using
the same parameters as in panel �a�. In both panels, �a� and �b�,
plots have been obtained including a size dispersion of 1% ��R

=0.01, solid lines� and 2% ��R=0.02, dotted lines�.
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al.10 performed transient photoluminescence measurements
on PbSe QDs with Eg=0.84 eV, finding �=1.09 at 3.69Eg.
McGuire et al.32 used both time-resolved photoluminescence
and transient absorption to determine the QE of PbSe QDs
with Eg=0.795 eV, obtaining a value of �=1.19 at 3.9Eg.
Finally, Ji et al.33 measured a QE of 1.6 at 3.26Eg in colloidal
PbSe QDs with Eg=0.94 eV by means of spectrally resolved
intraband transient absorption. These experimental results, as
well as others obtained on similar samples,1,3 can be com-
pared with the values reported in Figs. 6�a�, 7�a�, and 8�a�,
where CM efficiency, i.e., the average number of excitons
created per absorbed photon, is plotted as a function of the
photon energy. It must be kept in mind, however, that our
calculations only give the instantaneous, and not the total,
CM efficiency. Generally speaking, we can say that mea-
sured efficiencies are comparable with our predictions, at
least if size dispersion is not too large. Nevertheless, accord-
ing to our model, high CM efficiencies correspond to very
low total absorption cross sections, much lower than the ones
experimentally observed. Thus we conclude that impact ion-
ization is probably the most effective mechanism to obtain
CM at long times ��1 ps�. We also believe that, at some
frequencies, a non-negligible initial population of instanta-
neously photogenerated biexcitons can improve CM effi-
ciency. In order to investigate the real impact of direct pho-
togeneration energy resolved measurements on highly
monodisperse samples would be needed.

V. CONCLUSIONS

The aim of the numerical simulations presented in this
paper was to demonstrate the possibility of an instantaneous
direct photogeneration of multiple e-h pairs via virtual exci-
tons and biexcitons. It was shown that this process can in-
deed be efficient for photons in spectral regions of weak QD
absorption. In general we reckon that the main mechanism of
photogeneration of multiple e-h pairs is, probably, the pro-
cess of impact ionization1,14,15 which, however, is not instan-
taneous. In our simulations of direct photogeneration of mul-
tiple e-h pairs via virtual states we did not make use of any a
priori hypothesis �model� on the structure of the excited state
created by the absorbed photon, but our approach presents
other limitations which need to be addressed. The parameters
we have used in our calculations for spherical
nanocrystals3,25 do not reproduce exactly the experimental
e-h spectra of PbSe QDs. Also, in our calculations we took
into account e-e interaction only up to the first order of per-
turbation theory, thus neglecting higher order corrections.
Nevertheless, the results of our simulations clearly indicate
that in monodisperse PbSe QDs instantaneous CM can be
relevant. Numerical calculations allow to estimate the ex-
pected value of instantaneous CM efficiency for spherical
QDs of different sizes and to understand the dependence of
CM efficiency on the parameters determining the optical
properties of QDs. The obtained results demonstrate that in
the range of incident photon energies we considered �from 2

FIG. 7. �Color online� �a� Quantum efficiency, �, as a function
of energy computed for KW2 sample using �x=�x=20 meV and
�b=40 meV. �b� Excitonic ��1� and biexcitonic ��2� absorption
cross sections as a function of energy computed for KW2 QD using
the same parameters as in panel �a�. In both panels, a� and b�, plots
have been obtained including a size dispersion of 1% ��R=0.01,
solid lines� and 2% ��R=0.02, dotted lines�.

FIG. 8. �Color online� �a� Quantum efficiency, �, as a function
of energy computed for EL sample using �x=�x=20 meV and �b

=40 meV. �b� Excitonic ��1� and biexcitonic ��2� absorption cross
sections as a function of energy computed for EL QD using the
same parameters as in panel �a�. In both panels, �a� and �b�, plots
have been obtained including a size dispersion of 1% ��R=0.01,
solid lines� and 2% ��R=0.02, dotted lines�.
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to 4Eg� instantaneous CM efficiency strongly depends on
frequency and, as expected �see Eq. �23��, it can be particu-
larly large in those spectral regions where dipole-allowed
excitonic transitions are weak. Unfortunately, experimental
data for CM as well as for the optical properties of QDs are
only available for structures in which the QDs are possibly
nonspherical �this effect is particularly important for very
small QDs� and the interaction of the QDs with the solvent
molecules is often substantial. Most importantly, typical ex-
perimental samples present a non-negligible size dispersion.
For this reason, in order to compare our numerical results
with the experiments, we included size dispersion in our
treatment by means of a convenient approximation, finding
that the predicted one step biexcitonic absorption cross sec-
tions are too small to explain the measured CM efficiencies
at long times. Nevertheless, we believe that efficient direct
biexciton generation can improve CM at long times by cre-
ating a non-negligible initial population of biexcitons, at
least at some frequencies. In order to clarify the role of the
different mechanisms of direct photogeneration of e-h pairs
in QDs and to estimate their relative contribution further
experimental and theoretical efforts will be needed. Our
theory of one step MEG is rather transparent and opens
clearly visible avenues for extension and better approxima-
tion of the wave functions based on more realistic boundary
conditions. It is possible, for instance, to include finite po-
tential barriers, electron-phonon interactions in the high-
energy states, nonsphericity, and so on.
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APPENDIX: EVALUATION OF ELECTROMAGNETIC
AND ELECTRON-ELECTRON INTERACTIONS

In this section we give the explicit expressions used to
compute the matrix elements of electromagnetic and
electron-electron interaction between unperturbed QD states.
In the following we will denote conduction �valence� band
single-particle states by a single label c�v�, indicating the
wave function �c���c,nc,�c,jc,mc

C ��v���v,nv,�v,jv,mv

V � and

the corresponding collective quantum numbers. In the same
spirit, excitonic states will be indicated by the notation �vc�
and biexcitonic states by �v�c� ;v�c��. We will also make use
of the fact that each wave function can be written as the
product of a Bloch part and of an envelope part, according to
definition �3�. In particular, it is possible to break spatial
integrals into the sum of a short-range and a long-range part,
using the property that envelope functions vary slowly over a
unit cell. We finally point out that in numerical calculations
we used expressions �11� and �12� for unperturbed single-
particle QD wave functions taking also into account the
proper normalization factors.

Electromagnetic interaction between single-particle states
has been computed assuming that only direct dipole transi-
tions are allowed. The relevant matrix elements are25

����V̂em���� = ���,��

ieEe−i�t

m�
����r��e · p����r��

= ���,��

ieEe−i�t

m�
� �Fi

��r����e · p�Fi
��r�

+ �e · ẑ�Pl � ��F1
��r���F3

��r� + �F3
��r���F1

��r�

− �F2
��r���F4

��r� − �F4
��r���F2

��r�	dr , �A1�

where �= �c ,v	 and �= �c� ,v�	 denote single-particle states
which can belong to two different bands or to the same band,
giving rise to either interband or intraband transitions, re-
spectively. In the above formula �Eq. �A1�� Pl is the longi-
tudinal Kane momentum-matrix element between the con-
duction and valence-band-edge Bloch functions and ẑ is the
�111� direction of the L valley where the direct transition
takes place. Selection rules for photon absorption are: �j
= j�− j�=0, �1, �m=m�−m�=0, �1, and ����=−1. Fo-
cusing on interband transitions we see that the above require-
ments imply �l=0, while the more restrictive selection rule
�n=0 only holds if states with purely imaginary wave vec-
tors � are neglected and �j=0 only holds if electron and hole
effective masses are equal.

Electron-electron interaction between the ground state and
a biexciton is explicitly given by

�v�c�;v�c��V̂ee�0� = =� � �c�
� �r1��c�

� �r2�
e2

�QD�r1 − r2�
��v��r1��v��r2� − �v��r1��v��r2��dr1dr2

=� � �Fi
c��r1�Fj

c��r2���
e2

�QD�r1 − r2�
�Fi

v��r1�Fj
v��r2���c�,�v�

��c�,�v�
− Fi

v��r1�Fj
v��r2���c�,�v�

��c�,�v�
�dr1dr2

+ short range terms, �A2�

where summation over repeated indices is assumed and the integrals have been broken into their short- and long-range
components. We note that in the above expression Coulomb interaction is given by the sum of two exchange terms and there
is no direct interaction. Short range terms are not reported because in all our numerical calculations they have been neglected.
It is well known that in PbSe QDs the short-range part of the direct Coulomb interaction is important only for very small
clusters with radius R1 nm.25 As for exchange terms, it is possible for the long- and short-range components to be of the
same order of magnitude, but, since the exchange strength constants of the bulk material, which are needed for a quantitative
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estimate of the short-range part, are unavailable for PbSe, we preferred to neglect the short-range contribution also for the
exchange part of the interaction. Selection rules for the above matrix elements �Eq. �A2�� are �v��v��c��c�=1 and mv�
+mv�=mc�+mc�. It is important to point out that, within our approximations, only biexcitons composed of two direct excitons,
i.e., excitons with both hole and electron in the same valley, are coupled to the ground state.

Electron-electron interaction between an exciton and a biexciton has been computed as

�v�c�;v�c��V̂ee�vc� = �c,c�� � �c�
� �r1��v

��r2�
e2

�QD�r1 − r2�
��v��r1��v��r2� − �v��r1��v��r2��dr1dr2

+ �c,c�� � �v
��r1��c�

� �r2�
e2

�QD�r1 − r2�
��v��r1��v��r2� − �v��r1��v��r2��dr1dr2

+ �v,v�� � �c�
� �r1��c�

� �r2�
e2

�QD�r1 − r2�
��v��r1��c�r2� − �c�r1��v��r2��dr1dr2

+ �v,v�� � �c�
� �r1��c�

� �r2�
e2

�QD�r1 − r2�
��c�r1��v��r2� − �v��r1��c�r2��dr1dr2

= �c,c�� � �Fi
c��r1�Fj

v�r2���
e2

�QD�r1 − r2�
�Fi

v��r1�Fj
v��r2���c�,�v�

��v,�v�
− Fi

v��r1�Fj
v��r2���c�,�v�

��v,�v�
�dr1dr2

+ �c,c�� � �Fi
v�r1�Fj

c��r2���
e2

�QD�r1 − r2�
�Fi

v��r1�Fj
v��r2���v,�v�

��c�,�v�

− Fi
v��r1�Fj

v��r2���v,�v�
��c�,�v�

�dr1dr2

+ �v,v�� � �Fi
c��r1�Fj

c��r2���
e2

�QD�r1 − r2�
�Fi

v��r1�Fj
c�r2���c�,�v�

��c�,�c
− Fi

c�r1�Fj
v��r2���c�,�c

��c�,�v�
�dr1dr2

+ �v,v�� � �Fi
c��r1�Fj

c��r2���
e2

�QD�r1 − r2�
�Fi

c�r1�Fj
v��r2���c�,�c

��c�,�v�
− Fi

v��r1�Fj
c�r2���c�,�v�

��c�,�c
�dr1dr2

+ short range terms, �A3�

where, again, summation over repeated indices is assumed. The integrals have been broken into their short- and long-range
components and also for the above e-e matrix elements �Eq. �A3�� we neglected short-range terms in the numerical calcula-
tions. We note that in the above expression each term is not purely direct or exchange, but has a mixed character. For this
reason matrix elements �Eq. �A3�� are in general larger than matrix elements �Eq. �A2��. Selection rules dictate that exciton and
biexciton are coupled by e-e interaction only if they have a single-particle state in common. Moreover, within our approxi-
mations, direct excitons can only couple to biexcitons composed of two direct excitons. A further selection rule is
�v�c�v��v��c��c�=1 so that odd biexcitons ��v��v��c��c�=−1� are coupled to odd excitons ��v�c=−1�.

When wave functions belonging to different valleys appear in the same integral, expressions �11� and �12� need to be
transformed in order to represent all the wave functions in the same reference system. In particular, we used the following
formulas to transform spherical harmonics Ylm under a rotation R parameterized by Euler angles � ,� ,� �Ref. 34�:

RYlm = �
m�=−l

l

Dm�m
l �R�Ylm�, �A4�

where

Dm�m
l ��,�,�� = e−im��dm�m

l ���e−im� �A5�

and

dm�m
l ��� = ��l + m�!�l − m�!�l + m��!�l − m��!�

k

�− 1�k�sin��/2��m−m�+2k�cos��/2��2l−m+m�−2k

k!�l + m� − k�!�l − m − k�!�m − m� + k�!
. �A6�

The dielectric constant �QD plays a very important role as it screens long-range e-e interactions. In bulk PbSe the dielectric
constant at optical frequencies is �


bulk=23,25 but several calculations35,36 have shown that the average dielectric constant of
semiconductor QDs decreases significantly as the size of the dot is reduced, thus enhancing electron-electron interaction.
General arguments based on von Laue’s theorem37 and numerical tight binding37 and pseudopotential35,38 calculations confirm
that a macroscopic average dielectric function can be defined for sizes larger than a few Fermi wavelengths. Moreover both
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pseudopotential and tight-binding calculations give very similar results for the value of �QD as a function of the QD size in the
case of Si nanocrystals.37 We therefore adopted the following expression for the macroscopic high-frequency dielectric
constant:38

�QD � �

QD�R� = 1 + ��


bulk − 1�
�Eg

bulk + �E�2

�Eg
QD�R� + �E�2 , �A7�

where Eg
bulk+�E is the energy of the first pronounced peak in

the bulk absorption spectrum, corresponding to the E2 tran-
sition in PbSe found at 2.73 eV.39 The values of �QD used in
the calculations are showed in Table I for each sample.

We finally report the highest values found for the moduli

of V̂ee matrix elements among those used in our numerical
calculations. For sample KW2 we found the maxima of

��v�c� ;v�c��V̂ee�0�� and of ��v�c� ;v�c��V̂ee�vc�� to be 1.1 and

7.9 meV, respectively. These values increase to 1.5 and 12.6
meV for sample KW1, which has a smaller size. In sample
EL mirror symmetry between conduction and valence bands

is expected to enhance all the relevant V̂ee matrix elements,
which always involve exchange integrals. Indeed, for this
sample the two above mentioned maxima are 3.7 and 17.7
meV, respectively.
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